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1. Introduction

Riordan arrays play an important role in combinatorics in terms of obtaining com-
binatorial identities. In addition, Riordan arrays have applications in many fields of
mathematics. Riordan arrays are infinite lower triangular matrices defined by formal
power series.

Let us consider the following formal power series

9(x) = go + g1z + gax® + ...
and
f(.%‘) =f0+f1$—|-f2$2+...

with gg # 0, fo = 0 and f1 # 0. The generating function of the kth column of Riordan
matrix is defined as follows

g(z)(f(x)k, k=0,1,2,...

Also, a Riordan matrix is represented as a pair of the formal power series with D =
(9(x), f(x)). The multiplication of two Riordan matrices is defined by

(9(x), f(2))(h(x), I(z)) = (g(x)h(f(2)),1(f(2)))- (1.1)

The set of Riordan matrices is a group under matrix multiplication with (1.1). This
group is called Riordan group and denoted with R.
The identity element of the Riordan group is

I=(1,2) (1.2)

and the inverse of (g(x), f(x)) is

j(:s)) (13)

where f(x) is the compositional inverse of f(x) in [13].
The characterizations of Riordan arrays are given in [10] and [12]. We can give these
characterizations with the following theorem.

Theorem 1.1. Let D = (dpi)n k>0 be an infinite lower triangular matriz. D is a
Riordan matriz if and only if there exist two sequences A = {ag,a1,as,...} and
Z =20, 21,22,...} with ag #0 and zg # 0. These sequences are defined as follows,

dn-‘,—l,k-‘,—l = aodn,k + aldn,k_;,_l + agdmk_,_g + ... (1.4)
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and
dn+170 = Zodn,o + Zldn,l + ZQde +... (15)

where the coefficients {ag,a1,az,...} and {29, 21,22,...} are known as the A and Z-
sequence of the Riordan matriz D = (g(x), f(x)), respectively.

Let A(z) and Z(x) be the generating function of A and Z-sequences of the Riordan
matrix D = (g(z), f(z)). Then, the following identities hold,

f(x) = zA(f(x)) (1.6)
and
g(z) = #O(f(x)) (1.7)
in [10].

More information on the Riordan arrays and A and Z-sequences of the Riordan arrays
can be seen in [4,5,8,10,12,13,15]. Many researchers have studied the Pascal matrices with
the Riordan arrays. In [9], the authors considered the generalizations of Pascal matrix,
Fibonacci and Pell matrix and obtained factorizations of them by using Riordan arrays.
You can find detailed information about Pascal matrices with Riordan arrays in [7,16,17].

Recently, the generalization of the Riordan arrays have been studied. One of them is
the almost-Riordan arrays. In [2], Barry states that an ordered triple of formal power
series (a(x)|g(z), f(z)) with

a(r) = af + ajx + aha® + ...

g(z) = go + 17 + gox® + ...

and

f(@) = fo+ fiz+ for® + ...

with af # 0, go # 0, fo = 0 and f; # 0 is an almost-Riordan array of order 1. The
generating function of the kth column of the almost-Riordan array of order 1 is

a(xz), for k=0
zg(x)(f(x)*Y,  for k=1,2,3,...

,\,\
—_ =
© o
-

Also, the multiplication of two almost-Riordan arrays is defined as follows

(a(@)lg(@), f () (b(@)|h(x),1(2)) = ((al@)|g(z), f(2))b(x)|g(x)h(f(2)), 1(f(x))) (1.10)
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where (a()lg(), /(2))b(a) is

b(f(x)) = bo
fl@)

The set of the almost-Riordan arrays of order 1 is a group under multiplication with

(a(z)|g(x), f(x))b(z) = boa(z) + zg(x) (1.11)

(1.10). The identity element of the almost-Riordan arrays of order 1 is
I=(11,z) (1.12)

and the inverse of the almost-Riordan arrays is given below

a(x)|g(x )L = 1 __ = a(f(x)) — af 1 F
(a(2)]g(z), () ( (1 =), )‘g%)),ﬂ >). (1.13)

You can find the detailed information about the almost-Riordan arrays of order 1
and higher orders in [2]. In recent years, the pseudo-involutions and involutions in the
almost-Riordan arrays have been studied (see [3,14]). In [6], the authors considered
decompositions of the Riordan arrays and factorized the Riordan arrays using a new
class of matrix decompositions. In the same article is shown that a Riordan matrix can
be factorized into almost-Riordan matrices.

Recently, Bang et al. have studied the different operations on the Riordan arrays.
Firstly, they defined the sum of the Riordan arrays and obtained the characterizations
of this sum of the Riordan arrays. Then, they have given “Der” and “Flip” operations
on the Riordan arrays and investigated the applications of these three operations in [1].
Also, the sum of Riordan arrays are mentioned in [11].

Motivated by the above papers, we consider the characterizations of the almost-
Riordan arrays of order 1. Then, we introduce the sum of the almost-Riordan arrays and
obtain the characterizations of the sum of almost-Riordan arrays. Note that, throughout
in this paper, we consider the almost-Riordan array of order 1.

2. The sequence characterization
In this section, we give A, Z and w-sequences of the almost-Riordan array, the inverse

of the almost-Riordan array and the product of two almost-Riordan arrays. Also, we
exemplify that the w, Z and A-sequences characterize the 0th, 1st and following columns,

respectively.

Theorem 2.1. Let D = (dni)nk>0 be an infinite lower triangular matriz. If D is
an almost-Riordan array, then there exist three sequences A = {ag,a1,a9,...}, Z =
{z0,21,22,...} and w = {wo,w1,wa, ... }. These sequences are defined as follows,

dpt1,k+1 = Godn gk + a1dp g+1 + a2dp pr2+ ..., K>1, (2.1)
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dpy1,1 = 20dn,o + 21dp,1 + 22dp2 + ... (2.2)
dnJrl,O = w()dn,() + wldn,l + o~"2dn,2 + ... (23)
where the coefficients {ag, a1, as,...}, {20, 21,22, ... } and {wo,w1,wa, ...} are known as

A, Z and w-sequence of the almost-Riordan array D = (a(x)|g(x), f(x)), respectively.

Proof. Let D = (a(x)|g(x), f(x)) be the almost-Riordan array. Also, let consider R =
(b(x)|w,f(x)) and we define the almost-Riordan array (c¢(z)|A(z), B(z)). Then,

we have

(c(@)|A(x), B(x)) = (a(x)lg(=), f() ™ (b(w) —

or equivalently

We find

which implies
—~ and B(z) = z.

Then, we see dpt1,k+1 = Tn k- S0, (2.1) is obtained.
— 41,1
" doyo

For proof (2.2), let consider zg i1 Then,

do,1do,0 — di,1d1 o

do1 = zod1o + 21d11 or 21 =
di1do,0

In the same way, we can determine uniquely 23, 23, 24, . . . .

Similarly, let consider wy = % in (2.3). Now, we get

d2,0do,0 — di1,0d1,0

do,o = wody,0 +widi1 or wy =
dy,1doo

In the same manner, we can identify wo,ws,wy,.... O

Theorem 2.2. Let D = (a(x)|g(x), f(x)) be an almost-Riordan array. Also, A(x), Z(x)
and w(x) are the generating functions of A, Z and w-sequences, respectively. Then, we
have
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Aw) =2 (2.4)
oo - 0aF@)] L
Zw) Foed@) T P g (25)
o elalf@) —dy—wF@aF@)] | _a
@) ()97 () o, W= (26)

Proof. We consider the following equality
Apy1, k41 = Qoln i + a1dn kg1 + a2dp g2 + . ...
If we continue with generating functions, we obtain

zg(@)(f ()"

I = agng(@)(f (@) + g (@) (f@)* +

Then,

9(@)(f(2)* = 2g(x)(f(2))* a0 + a1 f(z) + az(f(2))*...).

The last expression shows that

Namely, A(x) = 7(”;).
Now, we take into account the following equality

dpny1,1 = zodno + 21dp1 + 22dp 2+ ...
Considering with the generating functions, we get

zg(x) —0

. = zoa(x) + z129(x) + z0xg(x) f(z) + z329(2) (f(2))* + .. ..

Hence, we have
g(z) = z0a(x) + xg(z) (21 + zof(x) + z3(f(2))? +...).
Then,

9(z) — ma(z) _ Z(f() ~ 2
z9(x) fo)

If we take f(z) instead of x and subtract Z(z), we find (2.5). If we consider constant
term of the last equation, we obtain zg.
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Similarly, we consider the following equality
dpy1,0 = woldn,o +widp1 +wadpa+....
Using the generating functions, we get

W= _ oa(e) + wrag(a) + wrrg(a) (@) + wsag(a) () + ...

Then, we have

a(x)x—i% = woa(z) + rg(z)(wr + wa f(z) + w;;(f(l’))z +...)

or

a(z) —ay —wozalz) w(f(z))— wo_

22g(x) o f(=)

In the last step, if we take f(z) in place of z and subtract w(z), we obtain (2.6). In the
same way, we find wg. O

Note that, Barry used the sequences A, Z and w-to find the production matrix of the
almost-Riordan arrays in [2].

Example 2.3. Let us consider the almost-Riordan array (Q;ZQH, T+ xz). We have

1—ax—

2 000 00 00O
1 1.0 0 0 0 0O
301 00O0O0O0
4 01 1 0000
7T 0 0 2 1 0 00
1 0 01 3 1 0 O
18 0 003 410
29 0 001 6 51

We see that the column Oth of the above matrix is composed by Lucas numbers and
the row sums of the matrix are twice the Fibonacci numbers. Now, we calculate the A,
Z and w-sequences of this almost-Riordan array. Using (2.4), the generating function of
the A-sequence is

T 2x

Alx) = =
(z) \/4;3-21-1—1 Vir+1-1

and the elements of the A-sequence are



Y. Alp, E.G. Kocer / Linear Algebra and its Applications 664 (2023) 1-23

1,1,—-1,2, 5,14, —42, 132, —429, 1430, . . ...

Considering (2.5), we have the following generating function of the Z-sequence

o VAZFi-1
z(1-12 2
2 17,/41,-2;-1—17(\/4?2;-1—1)2 1
Z(x) =

~/4z42r171 + 9

— oV T de = VT D +4)

and the elements of the Z-sequence are

1 1 3 1

23 61
27 27 27 2

55 2
22 2720

If we use (2.6), we obtain the following generating function of the w-sequence

" D — ] _ 1VAaFi-1) _ o
17@47(@71)2 2 2
_ 2 2 1

Jr —
(\/49:—&-1—1)2 2
2

=4z -1
2z —1)

and a few elements of w-sequence are

Example 2.4. We define an almost-Riordan array with D = (d,, 1) = (a(z)|g(z), f(x)).

We consider the following equalities,

d070 = 1, dO,k =0 fO’I“ k Z 1, dn+1)0 = abdn’o
dig=1, dix=0 for k=2, dyy11=dnpo

dnt1ke1 = b2dy g + abdy vy for k> 1

(2.9)

where a and b are any two nonzero real variables. Using (2.7), (2.8) and (2.9), we have
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1 0 0 0 0 0 0 0
ab 1 0 0 0 0 0 0
a’b®>  ab b2 0 0 0 0 0
a*b®  a?b?  2ab? b* 0 0 0 0
a*b?* @®*b®  3a%b* 3abd be 0 0 0
a®t®  a*d* 4aPb® 64208 4ab? b® 0 0
a®h®  a®b® 5a*®  10a3b” 104208 5ab? p1o 0
a’d oS8 6a°h7 15a*b®  206%H°  15a2b'0  6ablt  b'2

Now, we find the representation of the almost-Riordan array D. Then, we get
a(z) =1+ abx + a*b’z* + a’b’2® + . ..
a(x) = 1+ abz(1 + abx + a*b*2” +...)
a(z) = 1+ abza(x)

1
alz) = 1—abx’

Now, we obtain g(x),

zg(z) = x + abx® + a®v?2® + . ..

zg(z) = 2(1 4+ abx + a®b?2* +...)
g(x) =14 abx + a®v?z% + ...
9() = 1 —labx'
Using (2.9), we have
zg(z)(f(z))*
P _ () ()" + abrg(a) (f ()"

g(@)(f(2)F = (b* + abf (x))zg(x)(f ()"
b2z
T 1—abz’

Finally, the almost-Riordan array D is represented with

1 1 b
b= <1—abx l—abx’l—abx>'

Now, we give the A, Z and w-sequences for the inverse of an almost-Riordan array.

Theorem 2.5. Let D = (a(z)|g(x), f(z)) be an almost-Riordan array and D~' =
(a(z)|g(z), f(z))~1 be the inverse of the almost-Riordan array D. A(x) and A*(z) are
the generating functions of the A-sequence for D and D', respectively. Then, we get
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A (z) = . (2.10)

Theorem 2.6. Let D = (a(x)|g(x), f(z)) be an almost-Riordan array and D~! =
(a(z)|g(x), f(x))~! be the inverse of the almost-Riordan array D. The generating func-
tion for the Z-sequence of D™ is

o~

7% (x) = A*(2) + g(2) 2 (1 -z (A%@) A*(x)) (2.11)

90

where A*(x) is the generating function of the A-sequence of D™ and Z(z) and Z*(x)
are the generating functions of the Z-sequence for D and D™, respectively.

Proof. Using (1.13) and (2.5), we find

Fl) L F(\x L (1 _ zalf(x))—zay
@ Gy @5 (1 g(f(m))f(z))

2" (Fla) = —* — 2
- ) B
_ @f(@) — 2 f(@)g(f(2) + zwalf(2)) = agr .
apx o
Taking x = f(z) and A*(z) = 7y we have
Z'(x) = A'(@) + 2 ala) ~ A" (@)o(z)

In this step, considering the inverse of the almost-Riordan array D~', we find that

%
G=0 (2.12)
Taking = f(x) in (2.5) and subtracting a(x) from it, we have
_ zg(x) (flz)
a(x) = T (T + 20— Z(f(a:))) . (2.13)

Finally, using (2.10), (2.12) and (2.13), we obtain the result. O

Theorem 2.7. Let D = (a(x)|g(x), f(z)) be an almost-Riordan array and D~! =
(a(z)|g(z), f(x))~1 be the inverse of the almost-Riordan array D. w(x) and w*(z) are
the generating functions of the w-sequences of D and D', respectively. Then, we have
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1 ah9(@)A* (@) (FA"(@) + &) — al A" (@)
ap — a1@ \ —g(z)A*(2)w (A*( )> (A*( )+ Zi az) — ag—:;

w*(x) =

where A*(x) is the generating function of the A-sequence for D~*.

Proof. If we use (1.13) and (2.6), we have

o ey = 1 (a (1 Wf«“»”) (- awp) ~ )

+ wg-
g(f(w))
Considering DD~ = I, we find that
!/
wh = A
9o
Then, we get
I@)9(f /() _al@) 4 1, aif@)e(f(x)
- +1 4 afipliz)
w*(f(x)> — CL0$ aofE xr a gowl
_aja(f@) a_l _ aF@F@) o
aggo apa? 90
— /(@) (_1 _ ﬂ) 4+ 1 (1 + aJ(E)Q(f(I)))
ag xT go ao(JO
If we take = f(z) in (2.6) and subtract a(x) from it, we get
2 T a/
A9 (w(f(@) - %) +af
a(z) = ; .
1— 2y
Ao
Using (2.10) and (2.15), the result is obtained. O
Example 2.8. We consider the almost-Riordan array D = (1f;fzz
Namely
2 0 0 O O 0 0 O
1 3 0 0 0 0 0 O
3 3 3 0 0 0 0 O
4 6 6 3 0 0 0 O
p=|7 9 12 9 3 0 0 0
11 15 21 21 12 3 0 O
18 24 36 42 33 15 3 O
29 39 60 78 75 48 18 3

Its inverse is

11

(2.14)

(2.15)

3 =z
l—x—x2’ 1—x )"
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The generating functions of the A, Z and w-sequences for the almost-Riordan array

D are as follows

Alz) =1+x (2.16)
Z(x) = 5+ 3¢ (2.17)
w(z) =%+ Sz (2.18)

Now, let us calculate the A*, Z* and w*-sequences of the almost-Riordan array D!,
Using (2.10) and (2.16), we have

A*(z)=1—x. (2.19)
From here, the first few elements of the A*-sequence are
1,-1,0,0,0,0,0,0,0,0,0,....
Using (2.11), (2.17) and (2.19), we get the generating function of the Z*-sequence

z*(@ﬂ—ﬂm(l_“_@ (§+ﬁ>)
3x3 —dx + 2

:3(1—37—1‘2)

and the first terms of the Z*-sequence are

2 2 112 _ 5813 4
2 2,112, 5813, 31
373733373333

Finally, using (2.14), (2.18) and (2.19), we obtain the generating function of the w*-

sequence as follows

T\ + (1—93)(5(1—95)+§)—(1—x)—§

1—x—x2
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_ —62% 4 52 + 2
~ 6(a2+ax—1)

and the first few elements of the w*-sequence are

S A S T R S
37 67 27 37 67 67 ) 67""

In this part of the study, we obtain the A, Z and w-sequences of the product of two
almost-Riordan arrays.

Theorem 2.9. We consider the two almost-Riordan arrays D1 = (a(x)|g(z), f(z)) and
Dy = (b(x)|h(x),1(x)) and their product D3 = (c(x)|m(x),n(x)). Also, their A-sequences
are represented with A1, As and As, respectively. Then, we have

As(z) = A (ﬁ) Ao (). (2.20)
Proof. Using (2.4), we get
As(z) = % (2.21)

nla) = U(f(@))
(@) = f(x)
Flin(x)) = =
F(i(x)) = (). (2:22)

Az(z) = Fi@) 7 (Afm)

Theorem 2.10. We consider the two almost-Riordan arrays D1 = (a(z)|g(z), f(z)) and
Dy = (b(x)|h(x),l(x)) and their product D3 = (c(z)|m(x),n(x)). The Zs-sequence of D3
18
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Az (@)

A2 (ZE)

ho Az (x) x 9o 90
Zy() = — " (57 (2 () — ) — Aso) + B Ax(a)
3 h(z><A( ) o ) (2.23)
+ As(x) + Z—Z(Zz(x) — As(2))

where Z1 and Zy are the Z-sequences of D1 and D3, respectively.

Proof. Considering (1.10), (1.11) and (2.5), we have

o (m(@(@) - Zoc@(@)) g

40 = S mEEy o
__*  goho _ goho ra(n(z))
a(z) apbo  ap A(2)g(m(x))h(l(z))
goho T B goho xb(l(x)

I
ag h(l(2))l(z)  agbo l(z)h(l(x)))

In this step, using the following equalities

bi) b ke
W) hoda(@) (AQ” ZQ”HO)

amle) | a e
) = (A1<z< )= Zao)) + 2 )

By simplifying, this expression is equivalent to (2.23). O

Theorem 2.11. Consider the two almost-Riordan arrays D1 = (a(x)|g(z), f(z)) and Dy =

(b(z)|h(x),l(z)) and their product D3 = (c(z)|m(z),n(z)). Then, the following identity
holds
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apAs (@) z z 90 As(z) _ a bo+g0bs
. ) (Al (Az(ac)) A (Az(z)) + a2> (bO m = )

_ 1 QOAl(iA;(z)
ws(x) = _( - ) —As(z) (bo Ag(x) + abbo As(z) + a’lbo#;gobl As(z)
As(x) T zg(% ag
bo ho 1 aibo + gobs
A 7 — (=4 -
# (o) = o)+ 52 ) (et - A0S

a’tby + gob1

a6b0
(2.24)

where w3 (x) is the generating function for the w-sequence of Ds.

Proof. Using (1.10), (1.11) and (2.6), we get

w0 = e @) %
_ boo(a@) ) dibo+geb  wa(a(z)
@)y m@hA@)  a  a@em@)hi@)
L 20D ~b) (@il + )
Tn(@h@) |+ ah@)ie)
~ajbo +gobi xb(l(z)) a’bo + goby
ao  Toh() | ah

Then, we have

wale) = — 284 G0y 7)) + D) (Lo o taoby
goh(l(x)) Ay (I(x)) / ap ) \n(z) aobo/
N a1b(;;;)ogob1 n hai(lm)) <a1boc‘lzgob1 As(x) — As(x) (l?;) + ni(x;l;(lj;)@))))
bo ho Az(x)  atbo + goby
* hoAz(z) (AQ(x) ~ @)t %> ( @) apho Az(m)) '

If we use As(x) = =% and As(x) = =% in the last step, we obtain the result. O
I(z) n(w)

Example 2.12. Let D; and D> be the almost-Riordan arrays as follows

1— x4 22 1 1—+vV1—4x 1—+/1—4x
Dy = 3 and Dy = |1 o7 , .

1—2x+ 23 2

1l—o—

From (1.10), we have

De— DDy — l—z+2?| 1-y1—-42 1-1-4x
R R PP 2¢(1 —z — 22)’ 2 '

Namely,
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1 0 0 0 00 1 00000
1 1 0 0 00 1 10000
3 2 1 0 00 311000
5 5 3 1 00 |5 21100
9 12 9 4 1 0 9 3 2110
15 31 26 14 5 1 155 3 2 1 1

1 0 0 00 0

001 0 000

001 1 000

<o 2 2 100

05 5 310

0 14 14 9 4 1

The generating functions of the A, Z and w-sequences of Dy and D5 are

Ay(z) =1 (2.25)
Zi(z) = 2 _1”3_;5”2 (2.26)
wi(x)=1+2z (2.27)
and
Asfa) = - i . (2.28)
Zor) = - i . (2.29)
wa(z) = 0. (2.30)

=

Now, we find the Aj, Z3 and ws-sequences of D3. If we use (2.20), (2.25) and (2.28),
we obtain the generating function of As-sequence as follows

As(z) = (2.31)
and the first few elements of As-sequence are

1,1,1,1,1,1,1,1,1,1,1,1,1, .. ..

) ) ) ) ) ) ) ) ) ) ) ) )

Using (2.23), (2.25), (2.26), (2.28), (2.29) and (2.31), we get the generating function
of the Z3-sequence
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_ 1— 2\ _ .22
() = 1 2z(1 — x) 1 (x —2*) — (x — 2?) 1
-z 1-\/1-daz(l—-2z)) -2 1—(x—2?)
2 —3z* +323 —z+1
—x3 4+ 222 - 22 +1

and the first terms of the Z3-sequence are
1,1,0,2,2,1,0,0,1,2,2,1,. ...

Using (2.24), (2.25), (2.26), (2.28), (2.29) and (2.31), the generating function of the
ws-sequence is as follows

) = — 2133(_14;231)_@) s (2_ - (:cl—xz—g)— x2>2> (z(llx) - 1)
22(1 - 2) ( L - = (5 —2?)?) - — )

11—\ /1-4z(1—2) \z(1—z)? 11—
1

+x(1—x)

=227+ 2r + 1.

The first few elements of the ws-sequence are
1,2,-2,0,0,0,0,0,0,0,0,0,0,....
3. Sum of the almost-Riordan arrays

In this part of the study, the sum of almost-Riordan arrays is investigated. In general,
the sum of two almost-Riordan arrays can not be the almost-Riordan array. The following
theorem shows under what conditions the sum of two almost-Riordan arrays is again the
almost-Riordan array.

Theorem 3.1. Let D1 = (a(z)|g(x), f(z)) and Dy = (b(x)|h(zx),l(x)) be two almost-
Riordan arrays. Then D1 + Dy is an almost-Riordan array if and only if f(z) = I(z),
af + by # 0 and go + ho # 0. Then, we have

Dy + Dy = (a(z) + b(x)[g(x) + h(z), f(x)). (3.1)

Proof. Let Dy + Dy = (c(x)|m(z),n(x)) be an almost-Riordan array and C;(z) be the
generating function of ith column of the almost-Riordan array D; + Ds.

Co(z) = c(z) = a(z) + b(x).

We see that aj, + by # 0 because of ¢y # 0. Considering the matrix equality, we get
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Ci(w) = xm(w)(n(x))"” ‘
= ( )(f ()"~ 1+l’h( )(Ux))

for ¢ > 1. Since Dy + D3 is the almost-Riordan array, we see that n(x) = f(z) = I(x)
and gg + ho # 0.

Conversely, let f(x) =1(z), af + bo # 0 and go + ho # 0 equalities be satisfied. Then,
let us show that D;+ Dy is an almost-Riordan array. Co(z) = a(z)+b(z) and aj+bg # 0,
we have ¢y # 0. So, the first column satisfies the almost-Riordan array conditions. Then,

Ci(x) =

zg(z)(f
zg(z)(f

(z
(2
(9(z) +

From the above equalities, D1 + D- is an almost-Riordan array. O
Theorem 3.2. We consider the following subset of the almost-Riordan arrays

Also, we consider (0|0, f(x)) which is not an almost-Riordan array. Then, the set G f(;)U
(010, f(x)) is a commutative monoid with addition operation.

Now, we give the A, Z and w-sequences of the sum of two almost-Riordan arrays. In
the following theorems, we assume that Dy = (a(z)|g(x), f(x)), Dy = (b(z)|h(z), f(z)),
a6+b07é0,go+h07é()and D1+ Dy = Ds.

Theorem 3.3. Let Zs(x) be the generating function of the Z-sequence for Ds. Then, we

g0 + ho 2@ (18)
(ah+b0) (9 (5%) + 1 (a8)) \+7e2e(@)h (+5)
(bogo — apho)A(z) (hog (A:(E:v)) goh (A@)))
goho(ag + bo) (9 (A(a:)) +h (A(x)))

where Z1(x) and Za(x) are the generating functions of the Z-sequences for Dy and Da,

have

Zs(z) = (3:2)

+

respectively.

Proof. The generating functions for the Oth columns of D; and Dy are a(z) and b(x),
respectively. Also, the generating function for the Oth column of Dy + Ds is ¢(z) =
a(x) + b(x). Taking x = f(x) in (2.5), we have a(x),b(z) and c¢(x) as follows,
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iy (o )
o) =~ 29(0) (505 (@7@) - 2) -1)
b h
o0 =310 (555 (200 - 57) 1)

and

cla) =~ B2 g0 + 1) (55 (270 - B ) 1)

Considering c(x) = a(x) + b(x), we get

) 1 s -338)-)

(590 (75 (20@) - ) -1)
— (@) (55 (Ze(f@) — o) - 1)

Hence, the left hand side equals

o) + 1) (

Also, the right hand side equals

7a6+b0
go + ho

Za(f(@)) + 1) n

zg(e) (b, o zhi@) (bo 0 % 0) 4 Xp(a
f(m)( Z1(f( >>+1)+ o ( Z1(f( )>+1)+gg< )+ fh(a).

Its follow that

ap+by oz i . . b_o - -
S s lale) + M) Zal (@) = o (Rale)2a(f ) + () Za( )
_(agho — bogo)(hog(z) — goh(x))
goho(go + ho) .
Then,
_ 9o+ ho 1 ap . . bo . .
Za(f) = B4 (B0 (10) + ) 2 2)))

_ (agho — bogo)(hog(z) — goh(x)) f(x)
goho(ag + bo)x(g(z) + h(z))

Taking z = f(z) and A(z) = %, the desired result is obtained. 0O

19

Theorem 3.4. Let w3(x) be the generating function of the w-sequence for Ds. Then, we

have
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ws () = 1 [(a({—))ﬂub({—)))( ah+bo—(ah+b1) 5y ) = (ap+b0)?| (apwn () —a}) (bows (x)=b1)
= 01 b0 \ Comaor—en o (38 ) (sh= 2ty )~ o (=) o i) (011 ) 4]
a’l —+ bl
3.3
CL6 =+ bo ( )

where wi(x) and wo(x) are the generating functions of w-sequences for Dy and Da,
respectively.

Proof. Let Dy + Dy = D3 = (c¢(z)|m(z),n(x)) be an almost-Riordan array. The gener-
ating functions for the 1th columns of D; and Dj are g(z) and h(z), respectively. Also,
the generating function for the 1th column of Dy + Dy is m(z) = g(x) + h(z). Taking
x = f(x) in (2.6), we have g(x), h(z) and m(z) as follows,

a(x) (1 - —,w) —ap

o9

and

Then, we get

(a(z) + b(z)) (1 - Gt m) —ah b0 a(1-%e) o

x2 (wg(f(tc)) - :%ig;) B x (w (f (z))77>

Hence, we have

(alw) + b(@))(ah + bo — w(a; +b1)) — (ap + bo)?
(ah + bo)ws(F (@) — @) — by
_ (bown(f (@) — bu)(a(a) (ah — i) — (ap)?)
(a1 (F(@)) — a) (bowa(J () — br)
(g (F(2)) = ) (b(w) b — br) — B3)
(a1 (F(@)) — a;) (bowa(F () — br)

Also, the right hand side equals
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/ / bows (f(x apa(z —alza(z
e+ (70 =t =01 | T P 8 o)

The left hand side equals

(a(@) + b(x))(ap + bo — (ay + br)a — (ag + bo)*) (agwr (f(2)) — a) (bowa(f(x)) — by).

In the last step, taking # = f(z) and A(x) = we obtain the result. O

(ﬂﬂ) ’

Note that the generating functions of the A-sequence for D, Dy and D3 is the same
with

Az) = . (3.4)
Example 3.5. Let D, and Dy be the almost-Riordan arrays as follows

1 142 — 22 2—x 1
D, <l—x—x2 x) and Dy ( 1—x—x2’x)

1—2x+ 23’ 1—2— 22
Then, we have

3—x 2 — a?

D3_D1+D2_<1—x—x2 x3—2x+1’$>’
Namely,

3 0 0 000 10 0 0 0 O
2 2 0 00O 11 0 0 0 0
5 4 2 000 2 3 1.0 00
7T 7 4 200 _13 5 3 1 0 0
12 12 7 4 2 0 5 9 5 310
19 20 12 7 4 2 8§ 15 9 5 3 1
2 00 00O
1 1.0 0 00
311000
414 21100
7T 3 2110
11 5 3 2 1 1

Also, the generating functions of the A, Z and w-sequences are
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i) = 2= 1)
and
As(z) = 1 (3.8)
o(x) = %(1 +a2) (3.9)
w(2) = %(1 +52). (3.10)

Now, we find the Az, Z3 and ws-sequences of Ds. If we use (3.4), we obtain the
generating function of the As-sequence as follows

Asz(z) = 1. (3.11)
From here the first few elements of the As-sequence are
1,0,0,0,0,0,0,0,0,0,0,0,0,...

To find the Zs-sequence, using (3.2), (3.6), (3.9) and (3.11), we get

Zs(x) =

2 222 —3x—1 1+x — 22 1
1—2z— 22

1
3(1+w7w2 L1 2) < ?—x—1 1—2x+x3+( +2)
l—z—x

1—2x+a3
<1+x7x2 _ 1 )
1—2x+az3 1—x—x2
3 (L + =)
_ 722 —8xr — 4
322 -2)

The first terms of the Z3-sequence are

24 5 2 5 1 5 1 5 1
3’737 6737 12737 24’6 48’12’
Using (3.3), (3.7), (3.10) and (3.11), the generating function of the ws-sequence is as
follows
2 1 5 ((3 - 23))1 T— a:2 - 9) (2iz:i17711 - 1)
ws(z) ==+ =
3 3 z2—2x— 2—x)?
5z ((1 - 17)1 z—x2 1) (2x2—i—11 - 1) (1(—90—)952 B 4)
_132? —1lz—4
3(z2 - 2)

and the first few elements of the ws-sequence are
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11 11 11 11 11 11 11 11
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